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A group c lass i f ica t ion  is p resen ted  and the comple te  set of invar iant  solutions is found for  the equations of 
adiabatic motion of a medium in r e l a t i v i s t i c  hydrodynamics .  

1. The group p rope r t i e s  of the d i f ferent ia l  equations of hydrodynamics  were  studied in [1-3] ; spec i f ica l ly ,  a 
group c lass i f ica t ion  was made of the equations of adiabatic flow of a medium in the nonre la t iv i s t i c  case .  It :is of in t e res t  
to apply the technique developed to the equations of r e l a t iv i s t i c  hydrodynamics ,  s ince in view of the i r  covar iance  the 
group p rope r t i e s  of the l a t t e r  must  be d i f ferent  than in the nonre la t iv i s t i c  case .  In the p resen t  paper we examine the 
group p rope r t i e s  of the equations of adiabatic motion of a medium,  since to the best  of our knowledge the i r  solutions 
have not yet been found. 

In the genera l  case  the equations of adiabatic motion of a medium in r e l a t i v i s t i c  hydrodynamics  have the fo rm 
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Here  W is  the enthalpy per  unit volume of the medium,  p is p r e s s u r e ,  e = e(p,n) is the internal  energy densi ty,  
n is the pa r t i c l e  number  densi ty per unit vo lume,  G is the entropy per  par t ic le .  The basic  sys tem (S) cons i s t s ,  
r e spec t ive ly ,  of the equations of motion,  pa r t i c le  number  conserva t ion ,  and entropy. 

2. Let  us study the group p roper t i e s  of (1.1). In accordance  with the general  ru les  [1-3] we must  find the sys tem 
of defining equations of the Lie a lgebra  of t h e b a s i c  group G of the sys tem given by (S). 

The sys tem of defining equations is found f r o m t h e  condition of invar iance  of the sys t em (S) r e l a t ive  to the opera to r  

~-~. 

Here  we examine  the case  of one-d imens iona l  motion and for s y m m e t r y  of the fo rm of the equations we set  t = 
= x~ . ( c  = 1 ) .  

In s impli f ied fo rm the sys t em of defining equations has the fo rm 
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The  fo l lowing  equat ion  can be d e r i v e d  a s  a c o r o l l a r y  f r o m  the s y s t e m  of de f in ing  equa t ions  (2.1) : 

1 -  a '  Og-~ 'a) �9 w - )  = ~  

f r o m  which  i t  fo l lows  tha t  two c a s e s  a r e  p o s s i b l e ,  e i t h e r  A = W o r  

0i:($,3) ~ t t  ~ 0 .  
Ox(1,2) 

In the f i r s t  c a s e  the  b a s i c  s y s t e m  a(  ~ts an inf in i te  g roup ,  s i nce  ~ (t,~) a r e  e x p r e s s e d  th rough  a r b i t r a r y  w a v e  
func t ions .  In the  s e c o n d  c a s e  ~(~,~) a r e  i ndependen t  of x and,  c o n s e q u e n t l y ,  ~ (x.~) depends  on x to the f i r s t  p o w e r .  In 
the  fo l lowing  we a s s u m e  tha t  A ~ W, i . e . ,  we e x a m i n e  the  second  c a s e .  

F o r  the  g roup  c l a s s i f i c a t i o n  of the s y s t e m  (S) we  m u s t  f ind the  s p e c i a l i z a t i o n  of  the  s y s t e m  as  a c o n s e q u e n c e  of  A 
and e.  The  func t ions  A and e obey  the s y s t e m  of equa t ions  

Og = o  ' o o n 
On On ( - ~ )  o ' l OQ -~-)  = (2.2) 

w h e r e  
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In p a r t i c u l a r ,  i t  can be  shown that  (2.2) a d m i t s  a so lu t ion  of the  f o r m  

s = alp a~ n as + atlp a~t n a; ,  A = blp 

(a~, as ,  a s,  a l I ,  a21, aa  l ,  bi----- c o n s t )  

F o r  bt = V, a~ = t / (~ -- 1), a~ = a3 ~ = t, a a ~ 0,  a l  I ~ m 0' w h e r e  mo i s  the  r e s t  m a s s  of the p a r t i c l e s  and 'y  i s  the  

ad iaba t i c  exponen t ,  we have  the  equa t ion  of s t a t e  of t he  r e l a t i v i s t i c  idea l  gas  

e ~ - - - ~ + n m o ,  A = T p .  (2.3) 

F o r  the  u l t r a r e l a t i v i s t i c  c a s e  

~ = p / ( r - -  t) (p, 8>> nm0). 

T h i s  c o r r e s p o n d s  to high d e n s i t i e s  of the  p r e s s u r e  and i n t e r n a l  e n e r g y .  

The  g e n e r a l  so lu t ion  of (2.1) fo r  the equa t ion  of s t a t e  (2.3) has  the  f o r m  

~= I = llxl + l~x~ + 18, ~x ~ =  ! ~  + llx~ + 14, 
~,~ = l~l/'-u'-~ ~ + t ,  ~ f  = l~p, ~ f  = l~n (/1 . . . . .  l~ = const). 

H e n c e  we  f ind the  b a s i s  o p e r a t o r s  of the  L ie  a l g e b r a  for  the  b a s i c  g roup  G 

Ozl Ox~ ' ' Ox---~ " 
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As is  known, to find e s s e n t i a l l y  d i f fe ren t  p a r t i c u l a r  solut ions  it is  n e c e s s a r y  to cons t ruc t  an opt imum sys t em of 
s ingle p a r a m e t e r  subgroups  of the group G of the bas i c  sy s t em (S). 

The opt imum sys t em is  cons t ruc ted  by using the in te rna l  au tomorph i sms  of the group G and has  the following 
fo rm:  

HI----- X4-- Xs, H~: X3, H~= x2-x4-~X~, 

H,----- XI, I[5 = X2 + X3, H6 = XI + aX 3, (2.6) 
HT= XI + X~, lls= X1+ X~ + aX~, (a4=i). 

The eight operators (2.6) lead to invariant solutions of rank one. 

Before turning to the study of these invariant solutions, we must emphasize that an exact analytic expression 
for the solutions is possible only in the ultrarelativistic case. In the relativistic case the solution is found by 
successive approximations, by expanding in powers of the constant m 0. We shall make the analysis of the solutions 
only for the ultrarelativistic ease. 

Subgroup H I. The operator invariants are 

A=X:xi+z2, 12: v(~):~1, 13=P(k)=p, A:R(~)= n. 

The system (S/H) of ordinary differential equations has a solution only with constant values of the velocity, 
pressure, and density, i.e., the solution of this subgroup describes an infinite and homogeneous medium. 

Subgroup H 2. The invar ian t s  of the o p e r a t o r  X$ a r e  

11=2~= xl , le=V(k)=u,, Ia=P(I)=p, I,=R(~)=n. (2.7) 
z2 

The system of equation (S/H) has the solution 

V(k)= ~ , - - ] /~ - - I  P (if---C'] R--=Roexp{.]f~ i arcsin~,} (~,~i) ,  

F o r  the ve loc i ty  of the medium we have the usual  fo rmula  for  r e l a t i v i s t i c  addit ion of the ve loc i t i e s  

where  V ~ ] -  is  the t r ave l ing  wave propagat ion ve loc i ty .  

Subgroup H~. The o p e r a t o r  inva r i an t s  a r e  

/i~ ~.= x~-{-x~,l~p-*exp{--i/~(xl--x2)}=p,I s=p/n= R, I4~ u1=V. 

The corresponding equations (S/H) can be integrated and we have for the invariants 

Pc = ~~ .~- ~9,, Y = 2 ]/-'--'~ 

(10=--2~k-{-cl, ~ :  2(7--~) 01-- 7(4--7) 02= /-~--) 
7(2- - "~)  ' 4 ( ~ - - I )  ' ' 

Here there is no polytropic dependence between the density and Pressure and, consequently, the entropy c is not 
constant. 
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Subgroup H~. The  i n v a r i a n t s  of  t he  o p e r a t o r  X 1 a r e  

Ia = ~ (;~)= ~,  I ,  = ~ (x) = n .  

The  s y s t e m  of d i f f e r e n t i a l  equa t ions  (S/H) has  the f o r m  

(2.8) 

t v}, + 21 + R' ~ -  ( ' T  ="~ --K-)" 

The  i n v a r i a n t  V s a t i s f i e s  the  equa t ion  

~$(\ "-~-~- T I ) V  2 __ .\4 (V--X)/(V-$)/~__~V~ --l)2t(~-v) V~ ~.~ ct oxp (__ ~_),  

(2.9) 

Spec i f i c a l l y ,  fo r  y = 4 / 3  the  i n v a r i a n t  V i s  def ined  by a cubic  equa t ion .  The  o p e r a t o r  X i can  be t r e a t e d  as  a 
d i l a t ion  o p e r a t o r .  

Subgroup H~. The  i n v a r i a n t s  

~--:' p ' ~ - ,  

l ead  to the  s y s t e m  (S/H),  but t h e i r  so lu t ions  cannot  be found in ana ly t i c  f o r m .  H e r e  aga in  t h e r e  i s  no po ly t rop i c  
d e p e n d e n c e  be tween  the  d e n s i t y  and p r e s s u r e .  

Subgroup H6. In th i s  c a s e  we have  a combina t i on  of two o p e r a t o r s  e x a m i n e d  above ,  n a m e l y ,  the  d i la t ion  o p e r a t o r  
Xi and the  s i m p l e  wave  o p e r a t o r  X~. The  o p e r a t o r  i n v a r i a n t s  

I t  = ;~ - -  (xz - -  x,) k+'l, /2 = V (;~) = (u, + ]/u~-~-~-i4- ~) (~.~ - -  ~..)v (z-~)  (~t + x~) ~-'I' ' 

I~ ---- P (~,) = p, I~ =- R 0,) =- n, k := t h a  ( 2 . 1 0 )  

s a t i s f y  a s y s t e m  (S/H) of the  f o r m  

T V" [(1 --  2k) V ~ -  (l + 2k) ~• J- 
(~-- t) V 

P' 2T ~x-t = 0 -}- -~-- [(l -- 2k) V ~ -{- (1 -}- 2k) X • ~- (T -- i)(1 -- 2k) 

Y.~" [ ( i _ 2 k ) V ~ + ( l + 2 k ) ~ •  [ ( t_2k)V,_( l+2k)~•  2 ~x_t 0 
v (1 -- 2k) 

p' R' 2 k~=i_~ 
p --T -~--, •  t - - 2 k '  

( 2 . 1 1 )  

Let  us  e x a m i n e  in m o r e  de t a i l  the  so lu t ion  of t h e s e  equa t ions ,  s i n c e  h e r e  t h e r e  i s  a po ly t rop ic  dependence  
be tween  the  d e n s i t y  and p r e s s u r e ,  wh ich  is  i m p o r t a n t  fo r  a p p l i c a t i o n s .  In o r d e r  to i n t e g r a t e  {2.11) we  se t  

V = ~ (L-2~) -1 q~ (~), (2.12) 

It  i s  not  p o s s i b l e  to e x p r e s s  a l l  t he  i n v a r i a n t s  V, R ,  P d i r e c t l y  t h rough  a known funct ion of  t he  v a r i a b l e  t .  
T h e r e f o r e  i t  is  m o r e  c o n v e n i e n t  to r e p r e s e n t  the  i n v a r i a n t s  in t e r m s  of the new v a r i a b l e  y =~02. In t h e s e  v a r i a b l e s  the 
i n t e g r a l s  of  (1.11) t ake  the  f o r m  
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//:~o = (Y - -  Cti) D' (y @ :%2)D, [y - -  (b~ ~- b=)l ~9' [y - -  (b~ - -  bs)] ~,  

V = cl'(i-~)y '''(i-A) (y __ u~)-'/ ,B (y _~ c~)-%C 

)~ / ct =y-",A(1-2k) (y __ ~)-%B(l-2k) (y ~_ :~2)-'hC(1-=k) 

P / Po = (~ / Ro) ~ (2.i3) 

w h e r e  

Dx ~ - -  2A~B D~ . . . . .  2A~C 
(2 - -  ~) ( i  - -  2k) ' (2 - -  ?) (i - -  2k) 

2 [zo-~ + BB~-.}- CB~],  
Da = (2 - -  ~) (1 - -  2k) 

2 A -}- C C~] 
D ~ - - - - ( 2 ~ , , ( ) ( t ~ 2 k  ) [ - -  ~ d-BC~ 

A - -  b~  + 2a~b~ + a~ B = bo.~ - -  2a~b.~ + ao C = b~ ~ 2a~b~ + ae 
b~ ~ - -  b~ z 2b-z (b~ -}- b~) 2b~ (b~ - -  bl) 

At = ai B1 = b~ + ba Ci - -  b4 - -  b~ 
( h  - -  ~i) '~ - -  b~ ~ ' 2/~a (bs + ba-- ul)' 2ba (bs --ba + ~l) 

A ~ = - -  ( b a + a ~ ) ~ _ _ b ~ ,  ~ ' = 2 b ~ ( b s - ~ - b ~ : ~ ) '  2ba(ba--b~+a~_) 

] 4 ( I  --T) (i ~- 2&) ~ + 7 e 

(2 - -  T) ( i  - -  2k) (2 - -  ~)z (I - -  2k)~ 

bl - -  2~k b~ == 2k 2 _~_ 
(2 - -  "~) (l - -  2k) ' (t - -  2k--------~ 4k e j 

~ - ( ~ + ~ [ (  ~ ~ - i ] " ,  h -  ~ ( ~ + ~ )  - ~ ( f - - ~ / i ~  2 : - - ~ /  (2 - ~) (i - 2~) 

a i =  b~-}- bi, a ~ =  b~-- bi. 

S u b g r o u p  HT. T h e  i n v a r i a n t s  o f  t h i s  s u b g r o u p  

h = ~ =  V ~ - ~ l  ~, h = v ( ~ ) = ( ~ +  V,,- :r-#+l)(~- ~1) 
I 3 = P ( ~ ) = ( u l +  t r u T ~ + t ) t p ,  h = R ( ~ ) = p / n  

s a t i s f y  t h e  s y s t e m  (S/H)  o f  e q u a t i o n s ,  w h i c h  c a n  be  i n t e g r a t e d  b y  t h e  s a m e  m e t h o d .  S e t t i n g  V = k~ ,  y = @ ,  w e  o b t a i n  
t h e  s o l u t i o n  in  t h e  f o r m  

P / Pc = (y - -  l) A' (y - -  :q)A, (y __ ~e)A3 (y __ ~I)A, (y __ ~e)A, 
R / Ro = yB, (y - -  l)B~ (y -t- ])Ba (y __ Ctl)B, (y  - -  122)Bs (y  - -  ~I )B  , (y  - -  ~2)B , 

/ c~ = yE, (y § 51)~, (y + 6~)EL 
(2.14) 

T h e  c o n s t a n t s ,  o t h e r  t h a n  t h e  c o n s t a n t s  o f  i n t e g r a t i o n  P0,  R0, c t ,  d e p e n d  on  t h e  a d i a b a t i c  e x p o n e n t  T .  

S u b g r o u p  H a. T h i s  s u b g r o u p  d i f f e r s  f r o m  s u b g r o u p  H6 in  t h e  a d d i t i o n  of  t h e  o p e r a t o r  X2. T h e  i n v a r i a n t s  

(=1+z~)k-,1~ ' 

I ~ = P ( k ) = ( u l - ~ -  1 / u l  ~ - ~ - t ) l p ,  I 4 ~ R ( ~ ) = p / n ,  k = ~ l ~  

a l s o  l e a d  to  t h e  s y s t e m  ( S / H ) ,  w h i c h  a r e  i n t e g r a t e d  s i m i l a r l y  to  t h e  c a s e  of  s u b g r o u p s  H C and  HT. T h e  s o l u t i o n  in  
g e n e r a l  f o r m  i s  

Z - =  YA'[~ + P0 ~ ]  A" (v - =I)A' (y - ~)A' (y - 'al)Aqy - m)A~ 

, y , , [ y +  ( '+2k ) l ' ~ [y  ( ' + 2 ~ ) l ' , [ y +  ( ~ , - , ) ( t + _ ~ 1 , '  • 
--~0 ~ (1--2k)J (i~k~).] (27@I)(I--2k)I 

~, [ el = (y - -  a) E' (y - -  c) E' (y -~ r 

( 2 . 1 5 )  

H e r e  a l l  t h e  c o n s t a n t s  d e p e n d  on k a n d  T .  

Thus, with the exception of all the subgroups in which the operator X 2 is missing, there is no polytropic 
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dependence between the density and pressure.  At the present time the subgroup H6 is of the greatest interest, since 
here the entropy is conserved and therefore the resulting solutions can be applied, for example, to the hydrodynamic 
theory of multiple formation of particles [4-5]. 
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